We've investigated the different polarization modes of Gravitational Waves (GWs) in f (R) gravity power law model in de Sitter space. It is seen that the massive scalar field polarization mode exists in this model. The mass of the scalar field depends highly on the background curvature and the power term n. However, we found that the model doesnot exhibit a massive scalar mode for n = 2 and instead it shows a breathing mode in addition to the tensor plus and cross modes. Thus mass of the scalar field is found to vary with n within the range 1 < n < 2.
I. INTRODUCTION
Inspired by scientific curiosity, modification of Einstein's gravity was at first attempted by Weyl in 1919 [1] and thereafter by Eddington in 1923 [2] by including higher order curvature invariants in gravitational action. It is seen that these modifications had no experimental motivations and they were almost ignored up to 1962, when it was for the first time realized that modification of gravitational action had some merits. Gravity from General Relativity (GR) is not renormalizable and thus it is not possible to quantize it according to conventional methods. In 1962, Utiyama and DeWitt showed that renormalization at one loop demands that the Einstein-Hilbert action be modified by higher order curvature terms [3] . Later, a number of drawbacks of GR have been observed including the inability to explain cosmic acceleration. To overcome these drawbacks of GR a number of new theories have been proposed suggesting the further modification of GR. Among them, f (R) gravity is a prominent one keeping itself standing against the challenges and problems till now [4] . Another important reason to choose f (R) gravity is its less complexity compared to the other modified theories of gravity.
After around 100 years of Einstein's prediction of Gravitational Waves (GWs), the Laser Interferometer Gravitational Wave Observatory (LIGO) Scientific Collaboration and Virgo Collaboration announced the detection of GWs for the first time in September 14, 2015, which was named as GW150914 [5] . This observation was later followed by four other events, viz. GW151226 [6] , GW170104 [7] , GW170814 [8] and GW170817 [9] . These events opened new directions in testing GR and modified theories of gravity. Therefore the study of GWs in modified gravity will play a very important role in modifying GR and on the predictions of GR. The experimental results obtained from the sector of GWs can effectively constrain the modified gravity models to a fair extent and can even contribute to the bottom-up approach in forming or proposing modified gravity theories and models in an efficient way.
In the metric formalism of f (R) gravity, the GWs have other modes of polarizations besides the tensor modes of polarization found in GR. The propagating degrees of freedom of GWs in f (R) gravity is found to be 3 [10] by Myung and later it was confirmed in D. Liang et. al. [11] . D. Liang et. al. in their extensive study on the Starobinsky model showed that there exists a mixed state of massless breathing mode and massive scalar mode of polarization besides the tensor modes. Thus the Newmann Penrose (NP) formalism cannot be applied in that study due to the existence of massive scalar modes of GW polarization. In our study, we'll restrict ourselves to the power law model of f (R) gravity given by f (R) = αR n , where α is an arbitrary constant and n is a real number. This model has been pursued in [12] and where it was concluded that the model can produce a late time acceleration in the Universe or a transient matter domination era, but not both. Same results were also obtained in the Refs. [13] [14] [15] previously. In the Refs. [16] [17] [18] this model was discussed for the different special cases along with n = −1 and n = 3/2, in which n = 3/2 case is conformally equivalent to Liouville field theory. In another paper [19] , the model was used for invoking the chameleon mechanism to work within the solar system and in which it was shown that for this to happen the value of n is required to be very close to 1. The result rendered from the work implied that the model is a poor candidate for a realistic alternative to dark energy. The cosmological dynamics of the model also has been studied in Ref. [17] .
In this work, we'd like to test the model in the GW regime to find out the possibility of its viability and the drawbacks. Another important point of this model is that it is the only model in f (R) theories in the metric formalism which can give pure massless breathing mode as a special case. Here we'll study the model with the special case of n = 2 along with the stability and polarization modes.
The paper is organized as follows. In the next section the variation of mass of the scalar field in de Sitter space with the power term n is studied. In the third section stability of the model is studied in de Sitter space. In the fourth section, the contents of the theory and the model are studied with the help of operator formalism. In there, we tried to show the contents of the model for a specific case of n = 2 and we show that in f (R) theory of modified gravity a pure massless scalar field is also possible as in case of Scalar Tensor theory. The fifth section contains a study towards the equivalence of the theory with the Scalar-Tensor theory and the required conditions for such equivalence. The tensor and the scalar polarization modes are studied with the help of geodesic deviation in the sixth section and with the help of Newman-Penrose formalism in the seventh section. In section eight, we have discussed a possible way to check the validity of the model experimentally. In the last section, we conclude the paper with a very brief discussion of the results and the future aspects of the model in such type of studies.
II. SCALAR AND TENSOR FIELDS FROM THE MODEL
In this study of GWs we use vacuum space. The action of f (R) gravity in vacuum is given by
where f (R) is a function of Ricci curvature R. The vacuum field equations obtained from this action are given by
where = g µν ∇ µ ∇ ν and the prime over f (R) denotes the derivative with respect to R. Taking trace of vacuum field equation (2), we obtain
Now, we assume that there is a propagating GWs in the spacetime, which will perturb the metric around its background value. Since the perturbation is usually very small and hence if we consider the background metric asḡ µν then to the first order of perturbation value h µν , we may express the spacetime metric as
In view of this perturbation, expanding the Ricci tensor and the Ricci scalar upto the first order of h µν , we may write
and
whereR is the background curvature. Thus, due to this perturbation the trace equation (3) can be rewritten as
Using our model
the equation (7) can be expressed in the following compact form:
where
The equation (9) is the conventional form of the scalar field equation (Klein-Gordon) with δR as the scalar field and hence here, m can be identified as the mass of this scalar field. Moreover, since this scalar field corresponding to δR is due to ripple in spacetime, so the field can be considered as the quantized massive gravitational field. From the expression (10) we see that the mass term of the scalar field depends highly on the exponent term n and the background curvatureR. This indicates that near the massive objects like neutron stars etc., where the background curvatures are very large, the mass of the gravitational field, i.e. graviton will increase and consequently this will slow down the propagation speed of the massive mode of GWs in such regions according to this particular model. Further, for a massive graviton or massive mode of GWs n should lie in between 1 and 2 beyond which it will correspond to a tachyonic graviton. When n = 1 the model will give the Einstein's case. When n starts to increase from 1 to 2 mass of the field decreases monotonically and finally, for n = 2 the massive scalar mode of polarization will vanish. i.e. for the value n = 2 model will give a massless graviton. The variation of the scalar field mass with respect to n for the unit value of the background curvature is shown in the Fig.1 . One interesting observation from the mass term is that when n approaches to 1 the mass of the scalar field increases very rapidly and for n = 1 the mass becomes infinite and hence debarred from propagating in the spacetime. The tensor field equation (2) in vacuum for the power law model (8) takes the from:
Perturbing this field equation around the de Sitter curvatureR (see the equation (5)) we may write,
In the ideal case, i.e. when R =R, the de Sitter curvature should satisfy the above field equation. Thus for the ideal case the above equation gives,
Using this relation (13), we may rewrite the field equation (12) as
Trace of this equation is
This is the equation of massless scalar field for the case of n = 2 (refer to equation (9)). This is an interesting result, which shows that if the de Sitter curvature has to satisfy the field equation (12) then the model (8) has to take the value n = 2, consequently, the massive scalar mode of polarization vanishes and a pure massless scalar mode of polarization (also known as breathing mode of polarization) is obtained. Thus the equation (15) can be treated as a stability point for the model in de Sitter space which identically satisfies the stability condition discussed in the following section without modifying the Hubble constant in de Sitter space.
Again, since n = 2 in the model (8) (we'll refer this model with n = 2 as pure R 2 model) makes the scalar field massless and independent of the the background curvatureR, so for simplicity we take this advantage to chooseR = 0 and perturb the tensor field equation for pure R 2 model (see the equation (2)) to give
Now we define a parameter,
where taking the trace we findh ash
and substitutingh in the definition (17),h µν can be expressed as
Choosing transverse traceless gauge condition: ∂ µh µν = 0,h = 0 and using the definition (17) in equation (5), we get
Finally, using this equation (20) and equation (15) in the equation (16), we may write
which is the usual equation that gives the tensor modes, i.e. plus and cross modes of polarization of GWs. The solution of this equation ish
whereḡ µν q µ q µ = 0 and q µ e µν = 0. Thus, this clearly shows that the pure R 2 gravity model gives three polarization modes of GWs, all massless, two of them are tensor modes while the other is the scalar or the pure breathing mode as disccussed above.
III. STABILITY OF THE MODEL
According to John D. Barrow and A. C. Ottewill [20] the condition for the existence of de Sitter solution for a constant curvatureR isR
In Einstein's caseR = 4Λ [20] , where Λ is the cosmological constant. For our model (8), we get from the above condition that
This condition is similar to the condition obtained in equation (13), giving n = 2 and which transforms the equation (9) into the equation (15) with mass for the scalar field m = 0 as mentioned in the previous section. However, there is another possible solution for this equation (17) isR = 0, which will lead to Minkowski spacetime having zero background curvature. In [21] it was shown that the model (8) produce power law inflation a ∝ tᾱ, with
for generic values of n = 0, 1/2, 1 and as we have already seen that this model does not allow or admit de-Sitter solution for n = 2. This will be a case only when a cosmological constant is added to the action corresponding to a term with n = 0 [20, 21] . But for any positive value of n Minkowski space is a solution without any cosmological constant [21] . The stability condition for this model from [21] readsR 2 − n n(n − 1) ≥ 0.
This condition gives, 1 < n ≤ 2 and n < 0. For n = 2 it is identically satisfied without imposing any constraints on the Hubble parameter in de Sitter space and also shows that for any values of n the Minkowski space is stable [21] . Thus our previous results are supported by these inferences.
IV. CONTENTS OF THE MODEL
One of the very usefull ways to see the contents of the model is by using operator formalism. In this formalism the most general Lorentz and parity invariant Lagrangian for a tensor field h µν can be expressed in terms of space operators. In the de Sitter spacetime, by inverting the space operators acting on the term h µν in the linearized equation of motion, one can find out the propagators [22] . Thus in particular, using spin projection operators, it is possible to write the propagators in the following form:
Here P 2 , P [23, 24] for details). As a special case, for the Minkowski spacetime (R = 0) using f (R) = R in this equation (26), we can have the Einstein's case which is a standard result for the graviton propagator, given by
where P 0 s is a ghost term which cancels the mass degrees of freedom of the massive spin 2 projector P 2 . To study the particle contents of the model, the terms containing P 0 s and P 2 are required to observe. From (26) these two terms are
The first term of this propagator (28) gives the Einstein's case just discussed above. The second term of it for the pure R 2 model takes the following form:
which shows the existence of massless scalar field in the model. Similarly, in general for the model (8) this term gives
where m is the mass term same as equation (10). These results justify and validate our earlier results found in the section II. Moreover, to ensure whether the case n = 2 results a pure massless breathing mode of polarization, we'd study the polarization modes of the model in details in the following sections.
V. EQUIVALENCE WITH THE SCALAR TENSOR THEORY
A straight forward way to study f (R) gravity is to see its equivalence with the Scalar Tensor Theory (STT) [25] . This is reasonable because as like f (R) theories, STTs also have two types of polarization modes, tensor modes and scalar mode. By introducing a scalar field φ ≡ R, the general form of the action (1) can be given as
where ψ(φ) = f ′ (φ) and v(φ) = φf ′ (φ) − f (φ). Now, differentiating equation (31) with respect to φ, we find
This shows that when f ′′ (R) = 0, we must have R = φ. Thus f ′′ (R) = 0 is a very important condition required to be satisfied in order to compare the f (R) theory with the STT. The pure R 2 model satisfies this condition. In metric formalism, the STT with Brans-Dicke parameter ω = 0 is equivalent to the f (R) gravity.
Again the action (31) can be written as
The field equation obtained from the above action is given as
Trace of the above equation is
For the pure R 2 model the equation (34) gives
And from the trace of this equation we get,
This equation is similar to the equation (15) which gives a massless breathing mode of polarization. In Minkowski space φ ≡ δφ, since φ = 0 in this space, so the solution of this equation can be written as,
whereḡ µν p µ p ν = 0. Now, combining the solutions for the massless tensor modes and the scalar mode, and considering that the GW is travelling along the z-axis with the speed of light c = 1, we get the solution for h µν as
Hence, for this solution we may take q µ = Ω (1, 0, 0, 1) and p µ = ω (1, 0, 0, 1). It should be noted that for n = 2 and n = 1 the above solution will contain a mixed state of massive scalar mode and breathing mode besides the tensor modes of polarization [11] .
VI. GEODESIC DEVIATION AND POLARIZATION MODES
To see the geodesic deviation, we substitute the solution (38) in the equation (36), which gives,
For the wave travelling along the z direction, the nonzero components of R µν are R tt , R tz and R zz . Now to linear order we may write,
This can be further simplified as
Thus, using only the scalar part of the equation (39) we can write the geodesic equation as
which gives,ẍ
Thus the geodesic equations show that there is no longitudinal component of the GW polarization for the pure R 2 model. So, for this model besides the tensor modes there exists only a scalar mode which is massless and pure in nature, known as the breathing mode. Again, from the equation (39) considering only the scalar part we may write,
Using this equation in the equation (43) we have,ẍ
which for a GW propagating along z axis takes the form:
The solution of this equation (48) gives the time variation of deviation of x at some fixed z. This equation is a special form of the well known Mathieu's equation [26, 27] and the solution is graphically shown in Fig.2 for two different set of parameters. It is seen that the time period of geodesic deviation depends highly on ω. The results are identical along the y direction also as clear from the equation (44).
VII. POLARIZATION MODES WITH NEWMAN-PENROSE FORMALISM
The Newman-Penrose (NP) formalism [28] can be used to find out the different polarization modes of GWs in a model. However, one major drawback of NP formalism is that it is only applicable to null waves. In f (R) theory metric formalism, usually GWs have massive longitudinal mode of polarization due to which the NP formalism fails and shows deviated results [11] . But in the particular case of pure R 2 model, as we have already seen that the scalar field is massless and thus this allows us to use the NP formalism in the study of polarization modes of GWs in the theory. In NP formalism a GW is described with the help of six amplitudes {ψ 2 , ψ 3 , ψ 4 , φ 22 } representing six polarization modes in a particular coordinate system or frame [28] . All these amplitudes are defined as [29] :
Each of the complex amplitudes ψ 3 and ψ 4 are actually equivalent to two real amplitudes [29] . In Brans-Dicke theory, the massless scalar field appears as the breathing mode showing φ 22 = − R xtxt − R ytyt = 0. For our model these amplitudes are found as
ψ 4 =ḧ xx −ḧ yy + i (2ḧ xy ),
These results show that our model, i.e. pure R 2 model gives three modes of massless polarization: two for tensor modes and one for the breathing mode as found earlier, and according to Lorentz -invariant E(2) classification of plane waves, the model results GWs of class N 3 and all modes are independent of the observer [29] . 
VIII. PULSAR TIMING ARRAYS AND CORRELATION OF POLARIZATION MODES
Pulsar timing arrays (PTAs) can be used to detect the polarization modes of GWs. A good number of works have been going on in this field and PTAs are found to be effective in the detection of extra polarization modes to be present in GWs. Hence they can be used as a tool to test modified theories of gravity [30] [31] [32] .
Presence of GWs disturb the null geodesic of the signals from pulsars. Due to this reason the time of arrival of GWs changes. So, by tracing the changes in time of arrival of the radio signals from the pulsars, it is possible to detect the GWs. For the mathematical treatment of the PTA procedure let us consider a PTA detecting radio signals in the regime of GWs. In case of GWs from the pure R 2 model, the information about the source is carried by the three polarization amplitudes, viz., h + (t), h × (t) and h φ (t), where the first two stands for the Einstein or tensor modes and the third one for scalar (breathing) mode of polarization. Thus the GW signal from a source for the pure R 2 model can be wriiten as
Here e + ij and e × ij are the polarization tensors as given by,
Hence, these polarization tensors are uniquely defined once the unit vectorsm andn used to describe the principal axies of wave are specified.Ω is the direction of GW propagation given bym ×n. As per our previous convention, we setΩ =ẑ, and consider a null vector S µ that points to the Solar system barycentre from the pulsar in Minkowski spacetime. In purturbed spacetime vector S µ will change to another vector σ µ as given by,
where the second part of this equation is due to tensor modes of purturbation and the third part is due to the scalar mode of purturnation in spacetime with b µν is a unit breathing mode matrix having two non-zero unit components b 11 and b 22 , obtained by the application of transverse condition to this mode of GWs. It is to be noted that for this mode we can not apply the traceless condition as the application of this condition to this mode will retain only the tensor modes or GR modes [35] . Now, If we define S µ as S µ = ν(1, −α, −β, −γ), where α, β and γ are direction cosines, and ν is the frequencey of the radio pulses from the source, then from equation (50), we may write,
and σ z = − ν γ.
The radio pulses from the pulsar follow a null geodesic through spacetime. The geodesic equation of the pulses with the affine parameter λ is
Using this equation in the geodesic deviation equation we can have the frequency shift at Solar system barycentre as given by,
where ν(t) is the frequency observed at Solar system barycentre. Thus it is seen that the presence of GWs will give rise to a frequency shift and these shifts can be observed with the help of PTAs. It is also clear that the presence of massless breathing mode results in a contribution of a shift in the frequency besides a contribution from the usual tensor (GR) modes. Following [30] , for stochastic GW background with normalized frequency f , the correlation function for GR modes and breathing mode of polarization are calculated. This function for tensor modes is found as
and θ is the angular separation between two pulsars. For the scalar modes it is
The correlation coefficients ξ GR and ξ b as a function of θ are plotted in the Fig.3 It is seen that provided the cases in [30] hold good, PTAs can effectively distinguish between the breathing mode and tensor modes present in GWs. It needs to mention that the correlation versus angular separation curve for the tensor modes of polarizations was first obtained by Hellings and Downs in 1983 and hence it is usually known as Hellings-Downs (HD) curve [33, 34] . 
IX. SUMMARY AND CONCLUSIONS
In this work, we have used the f (R) gravity power law model to study the polarization modes of Gravitational Waves in de Sitter spacetime. We have seen that the field equation in de Sitter spacetime gives a massive scalar mode with a mass term
. The mass term varies widely with the exponent term n and the background curvature or the de Sitter curvature, and the mass of the scalar field becomes zero when background curvature is zero or n = 2. Later using the stability condition for the theory in de Sitter spacetime we have seen that for a constant curvatureR the theory has stable solutions for n = 2. It has been observed that for this particular case of the model, the massive longitudinal mode of polarization vanishes. Thus, this is the only case in f (R) theory in metric formalism treatment where only three polarization modes are obtained and the third mode is a pure breathing mode. To validate this result we've studied the geodesic deviations for the pure R 2 model explicitly and later we used NP formalism to confirm the validity of our result. The absence of the massive scalar field in this model allows us to use NP formalism, which is a powerful tool to check the polarization contents of null GWs. The results from the analysis show absence of massive polarization mode of the GWs in the theory, which establish that the polarization modes and the mass of the scalar field in f (R) gravity are model dependent. Another important result obtained from this work is that the scalar field is independent of the background curvature in pure R 2 model of f (R) gravity and evidently chameleonic behaviour is not observed here. The absence of massive longitudinal mode makes this pure R 2 model different from the other f (R) gravity models and hence a more detail study in this model is required.
The pure R 2 model can be extended by adding other terms to the action which can account for the missing part giving rise to mixed polarization states of GWs besides tensor modes of polarization [11, 35] . Those extended models can be constrained with the experimental results obtained so far. It is expected that future experiments can provide better constraints to the f (R) gravity models using which the existence of extra polarization modes can be hopefully confirmed, which in turn give options to test the reliability of f (R) gravity in the modifications and extensions of GR. Extensions like nonminimal matter field coupling and other modified gravity theories can be included as the future aspects of this type of works, which can be tested with future experiments on GWs.
Appendix: Spin projection operators
The explicit form of the spin projection operators that span the solutions space to the linearized field equations are given below [23, 24] : where the transverse and longitudinal projection operators in the momentum space are respectively
